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Abstract
In this paper, a simpliﬁed, generic model of mitochondrial metabolism is explored. In particular the following question is addressed:
To what extent are phenomena observed in experiments and simulations of mitochondrial metabolism generic, in the sense that they must
occur in all models with this basic structure? Of particular interest are the electron transport chain and oxidative phosphorylation, and
how ﬂux through the system and the redox states of intermediates respond to physiologically important stimuli. These stimuli include
changes in substrate supply (NADH/FADH2), in oxygenation, and in membrane proton gradient/ATP demand. Analytical techniques
are used to show that certain experimentally observed effects must occur in the generic model. These include the responses of both ﬂux
and redox states to changed substrate and oxygen concentrations. At the same time other effects, such as the responses of redox states to
changes in proton gradient, are dependent on the details of the model, and are not common to every model with the same basic structure.
The phenomenon of saturation in response to large inputs is also discussed.
r 2006 Elsevier Ltd. All rights reserved.
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1. Introduction
Central to aerobic respiration in cells are the processes of
electron transport and oxidative phosphorylation in
mitochondria. In these processes NADH and FADH2
produced by glycolysis and the TCA cycle are oxidised
leading ultimately to the production of ATP. The
mechanisms involved are complex, but summaries can be
found in many modern biochemistry textbooks such as
Garrett and Grisham (1995) or Bhagavan (2002). A
comprehensive review of much of the biology of interest
here can be found in Brown (1992). The author’s own
interest in mitochondrial metabolism sprang initially from
attempts to model the regulation of cerebral blood ﬂow
(CBF) (Banaji et al., 2005). Several pathways of CBF
regulation involve metabolic by-products such as lactate
and adenosine which serve as sensors of metabolic state,
and for this reason it was felt that a model of CBF
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regulation should include at least a caricature of oxidative
metabolism. In addition, decreases in electron transport
activity are implicated in a number of cerebral diseases
such as Parkinson’s disease, Huntington’s disease, and
Alzheimer’s disease (Davey et al., 1998). The experimental
study of energy transduction in cerebral mitochondria has
been ongoing for several decades (Scott and Nicholls,
1980), and elucidation of some of the mechanisms involved
is still in progress (Belevich et al., 2006).
There are several widely known models of electron
transport and oxidative phosphorylation. These include
the models of Magnus and Keizer (1997), those of
Korzeniewski (1996) and Korzeniewski and Zoladz
(2001), and other recent additions (e.g. Farmery and
Whiteley, 2001; Beard, 2005). In some cases such models
have been incorporated in more complete models of
mitochondrial metabolism which include the TCA cycle
(e.g. Cortassa et al., 2003). These ordinary differential
equation (ODE) models have been designed with numerical
data in mind, and reﬂecting the complexity of the processes
involved, the functional forms are quite involved. At the
same time, of necessity, a number of processes are omitted
or lumped together. While simulating the detailed model in
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Korzeniewski and Zoladz (2001) (which will be referred to
as the ‘‘Korzeniewski model’’) the following questions
arose:




If there is a change in the size of a parameter, but not its
sign, can the model behave qualitatively differently?
If a function in the model is replaced with another
function with the same qualitative features (e.g. strictly
increasing) can the model behave qualitatively differently?

These are not questions which can be answered in full
generality with numerical simulations. However, simulations suggest that in some cases the structure of the
interactions alone might determine qualitative model
behaviour, and thus the answer to the above questions
could be ‘‘no’’. To conﬁrm if this is so, a generic ODE
model of electron transport is constructed, which reproduces the structure of the electron transport chain (ETC)
and is amenable to analysis. This basic structure, consisting
of a chain of coupled redox reactions interacting with a
potential, occurs in all the numerical models (e.g. Magnus
and Keizer, 1997; Korzeniewski, 2001; Beard, 2005),
though these models all contain additional processes such
as transport processes.
Once the generic model is constructed, it is analysed.
Ever since the seminal paper of Kacser and Burns (1973),
metabolic control analysis (MCA) techniques have been
widely used in biochemistry to study how steady state
ﬂuxes and metabolite concentrations respond to changes in
input parameters (e.g. enzyme concentrations). The
equivalent mathematical process is parameter sensitivity
analysis. Parameter sensitivity analysis involves the construction of a matrix whose entries—essentially the control
coefﬁcients of MCA—describe how model steady state
outputs such as ﬂuxes and concentrations respond to
model inputs such as enzyme concentrations and activations, substrate inﬂow and outﬂow rates, etc.
The information encoded in the sensitivity matrix is local
information in that it describes the response of outputs to
inputs at particular values of the inputs and the outputs. In a
general nonlinear system (e.g. Ihekwaba et al., 2004)
parameter sensitivities are highly dependent on parameter
values. One question of interest is whether, in a given class
of models, a given parameter sensitivity is always of a
particular sign. The process of deciding this question can
be seen as a qualitative parameter sensitivity analysis on the
class of models. Once the generic model is constructed,
it is shown that the model always has a unique steady state,
and a qualitative sensitivity analysis is carried out on it.
It is shown that the responses of steady state ﬂuxes to
three model inputs always have a particular sign. On the
other hand the responses of metabolite concentrations have
a particular sign in response to two inputs, but not to a
third.

2. Observations and assumptions
Before constructing and analysing the generic model, it is
helpful to list some effects of interest observed in
experiments, and in simulations of the Korzeniewski
model. This helps in the construction of the generic model,
and also provides speciﬁc questions to be answered.
The ﬁrst set of observations is about the rate of oxygen
consumption in mitochondria, which is referred to as the
flux through the system. This is a measurable quantity
sometimes referred to as the ‘‘respiration rate’’. It is known
that this rate is able to respond, up to a point, to:





changes in substrate supply (e.g. upregulation of the
TCA cycle),
changes in energy demand due to more rapid ATP
turnover or membrane depolarisation by pharmacological agents and
oxygen levels.

These effects will be referred to as supply, demand and
oxygenation, or collectively as the inputs. Generally,
increasing any of the inputs should cause increases in ﬂux
(for example Brown, 1992; Rigoulet et al., 1998; Boschmann et al., 1996; Schonfeld et al., 1983). Consistent with
the experimental data, this behaviour also occurs in
simulations of the Korzeniewski model. Typical behaviour
is shown in Fig. 1.
The second set of observations is about the redox states
of various participants in the ETC, such as NAD/NADH,
ubiquinone, the various cytochromes, etc. In general these
redox states change in response to changes in the inputs,
but importantly, these changes do not simply reﬂect
changes in ﬂux through the system. As techniques to
measure the redox states of these chemicals in vivo develop
(Cooper and Springett, 1997; Springett et al., 2000;
McGown et al., 2003), it is potentially of clinical
importance to understand what they do tell us about the
state of a cell.
Experimental data on how redox states change in
response to different stimuli is not easy to come by, largely
because redox states in the ETC are still quite hard to
measure. It is, however, assumed that increasing substrate
supply causes a decrease in the level of oxidation of all
members of the ETC. The response of certain ETC
components to changes in oxygen levels is documented—
e.g. cytochrome c oxidase becomes more oxidised in
response to increased oxygen levels (Wilson et al., 1988).
Again it is assumed that this behaviour is reproduced in
other intermediates in the ETC. In response to changes in
demand the picture is more cloudy. There is evidence that
the oxidation level of cytochrome c oxidase increases in
response to functional activation which would correspond
to an increase in demand (Brown and Brand, 1985; Wobst
et al., 2001). However, simulations of the Korzeniewski
models are not unambiguous, and suggest that changes in
either direction are possible in response to changes in
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Fig. 1. Normalised ﬂux against changes in supply, oxygenation, and demand in the Korzeniewski model for intact skeletal muscle in Korzeniewski and
Zoladz (2001), available at Korzeniewski. In each case all parameters except one are ﬁxed at values quoted at Korzeniewski. In the ﬁrst case, the parameter
kDH representing NADH supply is varied. In the second case oxygen level is varied. In the ﬁnal experiment the parameter kUT representing ATP usage is
varied. For ease of presentation, the parameters are normalised against some value (28000 mM min1 for kDH , 240 mM for O2 and 686 mM min1 for kUT ).
Flux is taken as the activity of complex IV (nC4 in the model), again normalised to some typical value (300 mM min1 ). We see that ﬂux increases with each
input as expected.
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Fig. 2. The change in oxidised proportions of NAD and cytochrome c in the Korzeniewski model for intact skeletal muscle in response to changes in the
demand parameter kUT (normalised to 686 mM min1 ). Although NAD oxidation always increases with demand, cytochrome c oxidation appears to show
biphasic behaviour. All other details are as for Fig. 1.

demand. The behaviour of the Korzeniewski model for
intact skeletal muscle is illustrated in Fig. 2 where it can be
seen that although the response of NAD redox state to
changes in demand is monotonic, this is not true for the
response of cytochrome c redox state.
Another phenomenon of interest is saturation. A variety
of biological assumptions would imply that the extent to
which an increased input can increase ﬂux should diminish
as the input becomes large. Saturation is observed in
response to all the inputs in the Korzeniewski model. It is
noteworthy that as an input is increased, and the system
approaches maximum ﬂux, the ETC intermediates do not
in general approach complete reduction or oxidation.
Having summarised what is known from experiments,
and from simulations of the Korzeniewski model, the
conclusions of this paper are now foreshadowed: It will be
shown that the generic model behaves as follows:






increasing substrate supply increases ﬂux and causes a
decrease in the level of oxidation of all members of the
ETC,
increasing oxygen causes an increase in ﬂux and an
increase in the oxidation of all members of the ETC,
increasing demand causes an increase in ﬂux and can
have a variety of effects on the redox states of members
of the ETC and
saturation occurs quite generally because of the structure of the system and independently of any detailed

assumptions (e.g. Michaelis–Menten dynamics of some
step.) Redox states at saturation are generally nonmaximal.

3. The generic model
3.1. The basic reaction scheme
The task of constructing the model is now tackled. The
theoretical starting point will be the chain of coupled redox
reactions illustrated in Fig. 3. Individual members of the cycle
can represent complexes or redox pairs within a complex (the
CuA centre in cytochrome c oxidase for example).
Each chemical in the chain can exist in an oxidised state
Ai and a reduced state Bi . Reactions converting oxidised to
reduced states and vice versa are coupled to each other.
Because the total quantity—oxidised plus reduced—of any
chemical in the chain is conserved, reduced forms of
the chemicals are not explicitly introduced. Instead, the
concentration of oxidised Ai is referred to as ai , and the
total concentration of Ai þ Bi is assumed constant at ai;max .
The three inputs outlined above are introduced as the
three parameters shown in Fig. 3: a ‘‘push-side’’ stimulus z
which increases the rate of conversion of A1 to B1 ; an
‘‘oxygen-like’’ stimulus w which increases the rate of
oxidation of the ﬁnal chemical in the chain; and a
parameter c representing ATP demand or the proton
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Fig. 3. A schematic representation of the reaction network of interest. The quantities Ai and Bi refer to oxidised and reduced states of the ETC
intermediates. The functions f i deﬁne the rates of reaction of the n þ 1 coupled redox reactions. z, w and c are parameters which reﬂect supply, oxygen
levels, and demand/proton gradient.

gradient. This ﬁnal parameter is discussed more fully in
Section 7, followed by discussion in Section 8 of a more
complicated model where c is a variable created by some of
the redox reactions. This ﬁrst model with c as a parameter
can be regarded as representing an experimental situation
where the experimentalist has direct control over the
proton gradient and membrane potential.
w and z take values in ½0; 1Þ while c 2 ð1; 1Þ.
Although in theory c can take negative values since the
proton density could be higher within the mitochondria
than outside, in practice the regime cX0 is of most
physiological relevance. The following set of differential
equations for the evolution of the ai are obtained:

It will be clear from the context whether a term refers to the
value of a derivative at a particular point, or as a function
of the variables.
The ﬁrst set of assumptions is that at ﬁnite substrate
concentrations, all reaction rates are ﬁnite. This means that
f 1 is bounded on ½0; a1;max  for any ﬁxed z and c, but may
tend to inﬁnity as z ! 1 for ﬁxed a1 . For i ¼ 2; . . . ; n, at
any ﬁxed c each f i is bounded on its domain of deﬁnition.
Similarly f nþ1 is bounded on ½0; an;max  for any ﬁxed w and
c, but may tend to inﬁnity as w ! 1.
Reasonable deﬁnitions of a ‘‘push’’ stimulus (such as
increased activity of the TCA cycle), and an oxygen-like
stimulus, give the following four equations:

a_1 ¼ f 1 ðz; a1 ; cÞ þ f 2 ða1 ; a2 ; cÞ,

(1)

f 1 ð0; ; Þ ¼ 0,

a_i ¼ f i ðai1 ; ai ; cÞ þ f iþ1 ðai ; aiþ1 ; cÞ,
i ¼ 2; . . . ; n  1,

ð2Þ

a_n ¼ f n ðan1 ; an ; cÞ þ f nþ1 ðan ; w; cÞ.

(3)

The quantities f i represent the rates of reactions in the
chain as illustrated in Fig. 3. Any steady states of the
system must satisfy:
0 ¼ f 1 ðz; a1 ; cÞ þ f 2 ða1 ; a2 ; cÞ,
0 ¼ f i ðai1 ; ai ; cÞ þ f iþ1 ðai ; aiþ1 ; cÞ;

(4)
i ¼ 2; . . . ; n  1,

0 ¼ f n ðan1 ; an ; cÞ þ f nþ1 ðan ; w; cÞ.

i ¼ 1; . . . ; n.

f ic

f 1z

f nþ1;w

qf
 nþ1 .
qw

(11)

f nþ1;w 40 for an oan;max .

(12)

These equations simply tell us that without the stimuli the
reactions cannot proceed, and that increasing the stimulus
causes an increase in the reaction rate. Since c represents a
potential against which at least some of the reactions must
do work the following relations are obtained:

If c does not affect the ith reaction then of course f ic ¼ 0
everywhere. Moreover, if c does inhibit the ith reaction
(i.e. f ic a0), then sufﬁciently large values of c make the
rate of reaction arbitrarily small, i.e.

(7)

qf
 1;
qz

f nþ1 ð; 0; Þ ¼ 0,

(6)

In this section conditions are placed on the functions f i
which are both biologically reasonable and very general.
The following notation is used for the derivatives of the
functions f i :
qf
 i;
qc

(10)

f ic p0;

3.2. Assumptions

qf
f ij  i ;
qaj

f 1z 40 for a1 40,

(5)

All f i are assumed to be once differentiable in all their
arguments with continuous derivatives.
Note that the phase space of this system is the closed ndimensional box deﬁned by the equations:
0pai pai;max ;

(9)

(8)

f ic a0

i ¼ 1; . . . ; n þ 1.

implies

lim f i ð; ; cÞ ¼ 0.

c!1

(13)

(14)

This reﬂects the fact that the energy required to pump a
proton against a chemical and electrical gradient becomes
large as the gradient increases. The following equations
imply that no reaction can proceed in the absence of any of
its substrates:
f i ð; 0; Þ ¼ 0;

i ¼ 1; . . . ; n,

f i ðai1;max ; ; Þ ¼ 0;

i ¼ 2; . . . ; n þ 1.

(15)
(16)

The ﬁnal set of conditions imply that increased substrate
concentration increases the rate of reaction unless one of
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the substrates is entirely absent:
f 11 40

if z40,

(17)

f ii 40 if ai1 oai1;max ; i ¼ 2; . . . ; n,

(18)

f iþ1;i o0 if aiþ1 40; i ¼ 1; . . . ; n  1,

(19)

f nþ1;n o0 if w40.

(20)

These equations mean that the system is cooperative
(Hirsch and Smith, 2005) in the interior of the phase
space, which will prove to be of importance later. Note that
functions which are linear, exponential, saturating, sigmoidal, etc. all fulﬁl the conditions above. An example of a
typical function f i ; ia1; n þ 1 is illustrated in Fig. 4.
4. Normal behaviour of the system
Frequently it will be convenient to rewrite system (1)–(3)
in simpler vector notation as
a_ ¼ Fða; z; w; cÞ,

(21)

where
a ¼ ½a1 ; a2 ; . . . ; an T ,
and
F ¼ ½f 1 þ f 2 ; f 2 þ f 3 ; . . . ; f n þ f nþ1 T .
In this section the existence of a unique equilibrium for
the system will be shown—i.e. the existence of a unique
function aðz; w; cÞ satisfying
0 ¼ Fðaðz; w; cÞ; z; w; cÞ.

(22)

Subsequently it will be shown that this equilibrium is
globally stable. Local stability amounts to the condition
that the Jacobian JF has negative eigenvalues at the
equilibrium which is shown in Appendix A. Global
stability can be proved by a variety of methods, and here
a general result on cooperative, tridiagonal systems will be
used.

In subsequent sections the response of the unique
equilibrium to the three parameters z, w and c is examined.
This amounts to exploring the three equations:
JF

da dF
þ
¼ 0;
dm dm

m ¼ z; w; c.

(23)

The structure of JF and of dF=dm in each case will allow
conclusions about da=dm.
4.1. Existence of a unique equilibrium
The following statement of the intermediate value
theorem (IVT) will be used repeatedly:
A real function f which is strictly decreasing on a closed
interval ½a; b and such that f ðaÞf ðbÞp0, has a unique
zero in ½a; b. If f ðaÞf ðbÞo0, then the unique zero is in
ða; bÞ.
z and w are ﬁxed at non-zero values, and c is also ﬁxed.
Explicit reference to any of the parameters is omitted below.
Thus for the time-being, by an abuse of notation, f i ðai1 ; ai Þ
will mean the value of this function at some ﬁxed c, while
f 1 ða1 Þ will mean the value of f 1 at some ﬁxed z and c and
f nþ1 ðan Þ will mean the value of f nþ1 at some ﬁxed w and c.
With ﬁxed values of the parameters, the aim is to prove
the existence of a unique equilibrium of the form
ða1 ; a2 ; . . . ; an Þ which solves Eqs. (4)–(6). Fix a2 ¼ a2 . Then
by assumption f 1 ð0Þ ¼ 0, f 1 ða1;max Þ40, f 2 ð0; a2 ÞX0,
f 2 ða1;max ; a2 Þ ¼ 0. The situation is illustrated in Fig. 5.
The IVT can be applied to the strictly decreasing
function gða1 Þ  f 2 ða1 ; a2 Þ  f 1 ða1 Þ to get
gð0Þ ¼ f 2 ð0; a2 Þ  f 1 ð0ÞX0,

(24)

gða1;max Þ ¼ f 2 ða1;max ; a2 Þ  f 1 ða1;max Þo0.

(25)

Thus for any a2 , there exists a unique value a1 ða2 Þ such that
f 1 ða1 ða2 ÞÞ þ f 2 ða1 ða2 Þ; a2 Þ ¼ 0.

(26)

The above argument holds for every a2 2 ½0; a2;max . Note
that the value of a1 which solves this equation is strictly less
than a1;max for any a2 .
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Fig. 4. A typical f i for ﬁxed c ¼ c, decreasing in its ﬁrst argument,
increasing in its second, and zero along the lines ai1 ¼ ai1;max and ai ¼ 0.
In the example plotted, i ¼ 2 and a1;max ¼ a2;max ¼ 1.

a1

a1,max

Fig. 5. There is always a unique solution to the equation f 1 ða1 Þ ¼
f 2 ða1 ; a2 Þ for any a2 X0.
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To continue the argument, a2 is now allowed to vary and
it is conﬁrmed that the function a1 ða2 Þ is strictly increasing
on ½0; a2;max . Differentiating the relation 0 ¼ f 1 ða1 ða2 ÞÞ þ
f 2 ða1 ða2 Þ; a2 Þ with respect to a2 gives
0 ¼ f 11

da1
da1
þ f 21
þ f 22 ,
da2
da2

(27)

which solves to give
da1
f 22
40.
¼
da2 ðf 11  f 21 Þ

(28)

From Eqs. (18) and (19), f 11  f 21 40 and the inequality
follows because both numerator and denominator are
strictly positive (f 11 40 because z40, while f 22 40 because
a1 is strictly less than a1;max ).
Next, behaviour of the function f~2 ða2 Þ  f 2 ða1 ða2 Þ; a2 Þ is
investigated. f~2 is the function f 2 restricted to the surface
a1 ða2 Þ. Note that
df~2
da1
¼ f 21
þ f 22 .
da2
da2

solution. This doubly degenerate situation corresponding
to no substrate supply and no oxygen (and of course no
ﬂux) is ignored.
Having proved the existence of a unique equilibrium for
generic parameter values, it is now shown that this
equilibrium is globally stable. Existing theory shows that
if a system is cooperative and tridiagonal on some
positively invariant, bounded region of phase space, then
any trajectory entering this region must converge to some
member of the equilibrium set (Smillie, 1984), and in fact it
is possible to ﬁnd explicitly a Lyapunov function for such
systems (Fiedler and Gedeon, 1999). The system presented
here fulﬁls these requirements on the interior of the phase
space. On the boundary the system is not cooperative,
because some derivatives are zero. It is shown in Appendix
B that this is not a serious problem, because for non-zero w
and z no trajectory can lie entirely on the boundary. Thus
all trajectories must enter the interior of the phase space,
and thence converge to the unique equilibrium.

(29)

Comparing this equation with Eq. (27) gives immediately
that df~2 =da2 40. Thus f~2 is an increasing function of a2 .
So far it has been proved that there exists a surface a1 ða2 Þ
which solves Eq. (4), that a1 increases with a2 on this
surface, and that f 2 evaluated on this surface is an
increasing function of a2 . The argument for the remaining
equations is now iterative. For the equation:
0 ¼ f 2 ða1 ; a2 Þ þ f 3 ða2 ; a3 Þ,
(30)
~
f 2 is replaced by f 2 and identical arguments to those used
above provide a function a2 ða3 Þ which solves Eq. (30).
This process continues. Finally,
0 ¼ f~n ðan Þ þ f nþ1 ðan Þ,

(31)

which has a unique solution an immediately by the IVT
because of the monotonicity of the two functions. Thus for
ﬁxed non-zero w and z it is possible to ﬁnd values
ða1 ; a2 ; . . . ; an Þ which solve Eqs. (4)–(6). The special case
z ¼ 0 is trivial. One can simply check by back-substitution
that the vector a ¼ ða1;max ; a2;max ; . . . ; an;max Þ satisﬁes the
equation. Uniqueness follows by noting that f nþ1 ðan Þ ¼ 0 is
solved uniquely by an ¼ an;max , f n ðan1 ; an;max Þ ¼ 0 is solved
uniquely (for ﬁxed non-zero w) by an1 ¼ an1;max , etc.
Similarly for w ¼ 0, the vector a ¼ ð0; 0; . . . ; 0Þ is the
unique solution. For both z and w zero there is no unique

2

f 11 þ f 21
6 f
6 21
6
60
6
JF ¼ 6
6 ..
6.
6
60
4
0

5. Response of the system to changes in supply
In the arguments above, the parameters z, w and c have
been ﬁxed. Now they are allowed to vary and the question of
how the unique equilibrium migrates through phase space is
tackled. The ﬁrst input to examine is the supply z. It will be
shown that all intermediates become more reduced in
response to increasing supply, and that the ﬂux through
the system increases. Limiting behaviour in response to large
z is explored. Later it will be shown that any analysis of the
response to z carries over immediately to w.
5.1. Response of redox states to changes in z
It is proved that as z increases the steady state value of
each of the ai decreases, i.e. dai =dzo0. Fixing w and c and
differentiating 0 ¼ Fða; z; w; cÞ with respect to z gives
0 ¼ JF

da qF
þ .
dz qz

(32)

In this relation, JF is the Jacobian of the system, qF=qz ¼
ðf 1z ; 0; . . . ; 0ÞT describes how the various reactions
depend on z, and the quantity to be determined is da=dz
which describes how the redox states change with supply.
It is easy to calculate JF

f 22
f 22 þ f 32

0
f 33




0
0

0
0

f 32
..
.
0

f 33 þ f 43
..
.
0


..
.


0
..
.
f n1;n1 þ f n;n1

0
..
.
f nn

0

0



f n;n1

f nn þ f nþ1;n

3
7
7
7
7
7
7.
7
7
7
7
5
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Writing xi  dai =dz and gi  ðJF ðda=dzÞÞi Eq. (32) is
examined componentwise and it is shown that all xi must
be negative. First it is shown inductively that all xi have the
same sign. That xn and xn1 must both have the same
sign (or both be zero) follows from the ﬁnal component in
Eq. (32):
gn ¼ 0 ¼ f n;n1 xn1 þ ðf nþ1;n  f nn Þxn .

(33)

Noting that f n;n1 40 and f nþ1;n  f nn o0 gives the result.
The inductive step involves showing that if xj has the same
sign as xn , then so does xj1 . Summing components j to n
gives
n
X

gi ¼ f j;j1 xj1  f jj xj þ f nþ1;n xn ¼ 0,

i¼j

j ¼ 2; . . . ; n  1.

ð34Þ

Noting that f j;j1 40, f jj o0 and f nþ1;n o0 implies
immediately that xj1 must have the same sign as xj and
xn . Thus all xi must have the same sign.
The possibility that all xi ¼ 0 is quickly dismissed
because this contradicts g1 ¼ f 1z 40. All that remains to
be shown is that all xi are negative. Summing all the
equations gives
n
X

gi ¼ f 11 x1 þ f nþ1;n xn ¼ f 1z .

(35)

i¼1

Since f 11 40, f nþ1;n o0 and f 1z 40, this implies that at least
one of x1 and xn is negative. Since all xi have the same sign,
they must all be strictly negative.
It is time to pause to examine the implications of this
argument. The conclusion is that as the push z is increased,
the steady state concentration of each of the oxidised
chemicals in the chain decreases. This result is independent
of any nonlinearities in the functions f i as long as they are
strictly monotonic.

5.2. Response of the flux to changes in z
Since the quantity of interest here is z, the other
parameters (w and c) are assumed ﬁxed and omitted as
arguments of functions. It is trivial to conﬁrm that ﬂux
increases with increasing z. At steady state, ﬂux through
the system for any z is
RðzÞ  f 1 ðz; a1 ðzÞÞ ¼ f 2 ða1 ðzÞ; a2 ðzÞÞ ¼    ¼ f nþ1 ðan ðzÞÞ.
(36)
Differentiating RðzÞ ¼ f nþ1 ðan ðzÞÞ gives
dR qf nþ1 dan
¼
40.
dz
qan dz

(37)

The inequality follows since both terms in the product are
negative. So, as expected, ﬂux increases with increasing
substrate supply.
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5.3. Limiting behaviour for large z
Limiting behaviour of both ﬂux and redox states as z
becomes very large are explored. It will be seen that ratesaturation arises independently of the functional forms for
the reaction rates (for example all reactions could follow
mass-action dynamics or Michaelis–Menten dynamics and
saturation would arise in either case).
First, at ﬁxed w and c, the functions f 2 ; . . . ; f nþ1 are
bounded functions of their arguments. Let
Rt ¼ minfmaxðf 2 Þ; maxðf 3 Þ; . . . ; maxðf nþ1 Þg,

(38)

Rt provides an upper bound on the steady state ﬂux. Thus
RðzÞpRt is an increasing bounded function, and hence
reaches a limiting value R1 as z ! 1. Further,
limz!1 ðdan =dzÞ ¼ 0, since dan =dz is strictly negative, but
an X0. Eq. (37) now implies that limz!1 ðdR=dzÞ ¼ 0. Thus
the assumptions imply saturating behaviour of R for large z.
Since R tends smoothly to some maximum value, and the
ai decrease, one might at ﬁrst expect that as z increases
concentrations of each of the ai tend to zero, i.e. all
chemicals become maximally reduced. In fact:




with the possible exception of a1 , the concentration of
each ai must tend to some non-zero limiting value as z
increases and
if f 1 is unbounded in z (for any ﬁxed a1 ) then a1
approaches zero as z increases.

The ﬁrst observation implies that increasing the push
cannot cause arbitrarily high reduction levels in members
of the chain, (and equivalently, as will be shown later,
increasing oxygenation cannot cause arbitrarily high
oxidation levels). In fact, if c and w are ﬁxed, the chain
has a limiting state of maximum ﬂux and maximum
reduction in response to increased push. Since the existence
of this limiting state is independent of the details of the
model, it always makes sense to ask whether the normal
‘‘operating point’’ of the system is near or far from this
limiting state.
The assumption in the second observation is satisﬁed in
the Korzeniewski model, where the push parameter
(termed kDH in those models) reﬂects the rate of reduction
of NAD occurring in processes external to the ETC such as
the TCA cycle, glycolysis, etc. In an in vitro context z might
refer to the concentration of an enzyme such as Glucose-6P-dehydrogenase responsible for the conversion of NAD to
NADH (in the presence of a large supply of Glucose-6-P)
(Rigoulet et al., 1998).
To verify the ﬁrst statement, it sufﬁces to note that
R1 40 and f i ð; 0Þ ¼ 0aR1 for i ¼ 2; . . . ; n. As the limiting ﬂux is non-zero it is intuitively clear that ai cannot tend
to zero for iX2, since each quantity is the substrate for
some reaction in the chain whose other substrates are
bounded. To understand the second statement, note that
although f 1 ðz; a1 Þ itself is not necessarily bounded for any
ﬁxed a1 , clearly f 1 ðz; a1 ðzÞÞoRt along the solution curve

Please cite this article as: Murad Banaji, A generic model of electron transport in mitochondria, Journal of Theoretical Biology (2006), doi:10.1016/
j.jtbi.2006.07.006.

ARTICLE IN PRESS
M. Banaji / Journal of Theoretical Biology ] (]]]]) ]]]–]]]

8

since the other f i are bounded. Moreover,
df 1 ðz; a1 ðzÞÞ dR
¼
40
(39)
dz
dz
from Eq. (37). It has been noted that each ai is a bounded
decreasing function of z so they must all tend to unique
limits ai ð1Þ as z ! 1. In fact if f 1 becomes unbounded
for any ﬁnite a1 , this implies that a1 ð1Þ ¼ 0. This gives the
system of equations:
f 2 ða1 ð1Þ; a2 ð1ÞÞ ¼ R1 ,
f i ðai1 ð1Þ; ai ð1ÞÞ ¼ R1 ;

(40)
i ¼ 3; . . . ; n,

(41)

f nþ1 ðan ð1ÞÞ ¼ R1 .

(42)

With a1 ð1Þ known, these n independent equations
uniquely determine a2 ð1Þ; . . . ; an ð1Þ and R1 .
It must be stressed that although the response to
increased z is saturation, this does not mean that the
sensitivity to changes in supply always decreases for
increased supply. This is only the case in the limit.
6. Response of the system to changes in oxygen
Having analysed the effect of changes in substrate supply
the next parameter to examine is w, the oxygen level. This
case is very simple to handle because there is a duality
between the effects of z and w on the system. To see this
duality, let bi ¼ ai;max  ai be the concentration of the
reduced form of Ai . Deﬁne:
f~1 ðb1 ; z; cÞ ¼ f 1 ðz; a1;max  b1 ; cÞ,

(43)

f~i ðbi ; bi1 ; cÞ ¼ f i ðai1;max  bi1 ; ai;max  bi ; cÞ,
i ¼ 2; . . . ; n

ð44Þ

f~nþ1 ðw; bn ; cÞ ¼ f nþ1 ðan;max  bn ; w; cÞ.

(45)

Note that the arguments in the functions have been
swapped. Since b_i ¼ a_ i this gives the following system
of ODEs for the bi :
b_1 ¼ f~2 ðb2 ; b1 ; cÞ þ f~1 ðb1 ; z; cÞ,
b_i ¼ f~iþ1 ðbiþ1 ; bi ; cÞ þ f~i ðbi ; bi1 ; cÞ;

(46)
i ¼ 2; . . . ; n  1
(47)

b_n ¼ f~nþ1 ðw; bn ; cÞ þ f~n ðbn ; bn1 ; cÞ.

(48)

Renaming z as w, w as z, bi as anþ1i and f~i as f nþ2i gives
back the system in Eqs. (1)–(3) satisfying conditions
(9)–(20). If the reader wants a pictorial idea of what has
been done, this is best achieved by imagining Fig. 3 rotated
through 1801. This makes it easy to see that swapping w
and z, reversing the order of the subscripts, and swapping
oxidised and reduced forms of each chemical gives us back
a formally identical system2.
2
This implies that there is a symmetry in the class of systems being
studied in the sense that performing the above transformations on any

Thus all the results from the analysis of the effects of
supply carry over directly to the case of oxygenation. The
following conclusions can immediately be listed:

(1) Increasing w increases the ﬂux.
(2) Increasing w causes an increase in the oxidised states ai
for all i and reducing w causes a decrease in the oxidised
states (i.e. hypoxia has the same qualitative effect as
increased supply on redox states, but of course reduces
the ﬂux).
(3) As w is increased, the respiration rate approaches a
limit, and with the possible exception of an , the values
of ai tend to values less than ai;max .
(4) If f nþ1 is unbounded as w increases for any ﬁxed
an aan;max , then an ! an;max as w is increased.

The penultimate observation is interesting. It is generally
accepted that in most tissues, including the brain (Rolett
et al., 2000), oxygen exerts little control on the respiration
rate until it drops signiﬁcantly below normal. That the
limiting redox states in response to large supply of oxygen
are in general sub-maximal is consistent with data on
cytochrome c in Wilson et al. (1988).

7. Response of the system to changes in c
The ﬁnal parameter to examine is c. It will be seen that c
is a very different parameter from z and w, not least
because it can affect a number of reactions in the chain. As
a result it controls chain activity in a more complex way
than the other parameters. In this section it is assumed that
c inhibits some non-empty subset of the reactions, i.e.
qf i =qco0 for at least one i.
The parameter c can be identiﬁed with the proton
gradient. This gradient inhibits the extrusion of protons
from the matrix by two means: ﬁrstly, acting as a chemical
gradient; secondly, by giving rise to the membrane
potential. The second effect is in fact the dominant effect
in normal circumstances. The two effects of the proton
gradient are treated as a single effect, assuming that they
always work in the same direction. This is consistent with
the Korzeniewski model where the membrane potential
and proton gradient are tightly coupled. For the time-being
the fact that in addition to inhibiting the reactions, c is
produced by the reactions will be ignored. The incorporation of the production of c (a negative feedback loop)
causes complications discussed later.
(footnote continued)
member of the class gives us another member of the class. The
transformation described can be seen as a particular action of the group
Z2 on the system, since performing the transformation twice returns the
original system.
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7.1. Response of the redox states to changes in c

7.2. Response of the flux to changes in c

z and w are ﬁxed at non-zero values, and omitted as
arguments to the functions. As for z and w, the ﬁrst
question to ask is what effect a change in c will have on the
steady state concentrations of the various ai . The response
begins with the familiar equation:

Deﬁne RðcÞ  f 1 ða1 ðcÞ; cÞ ¼ f 2 ða1 ðcÞ; a2 ðcÞ; cÞ ¼    ¼
f nþ1 ðan ðcÞ; cÞ. Despite limited information on how redox
states change with c, it can be shown that the steady state
ﬂux RðcÞ is a strictly decreasing function of c, and
limc!1 RðcÞ ¼ 0. That limc!1 RðcÞ ¼ 0 follows immediately from the fact that the ai are bounded and the
assumption that limc!1 f i ð; ; cÞ ¼ 0 (Section 3.2). Intuitively it is obvious that RðcÞ decreases with c since each
reaction is either inhibited or unaffected by c, but the
calculation involves considerably more work than the
equivalent calculation for z or w.
Note that at steady state

0 ¼ JF

da qF
þ
.
dc qc

(49)

This time let xi  dai =dc and gi ¼ ðJF ðda=dcÞÞi .
Now qF=qc ¼ ðf 1c þ f 2c ;  f 2c þ f 3c ; . . . ;  f nc þ
f nþ1;c ÞT , and unlike in the cases of z and w, it does not
have sufﬁcient structure to allow any conclusions. Clearly,
given any n real numbers q1 ; . . . ; qn one can choose values
of f ic p0 such that f iþ1;c  f ic ¼ qi . This implies that any
vector x is a solution to 0 ¼ JF x þ ðqF=qcÞ for some choice
of f ic . This observation means that the behaviour of redox
states in response to changes in c depends on the details of
a model and cannot be predicted for a generic model.
This is not the end of the story, though. There is a special
case, of possible physiological signiﬁcance described below,
where the signs of some of the xi are determined. This is
when some initial or ﬁnal set of f ic are ordered with respect
to the rest in the following sense:
jf ic jpjf jc j

for all j4i; i ¼ 1; . . . ; imax ,

(50)

R0 ðcÞ 

dRðcÞ
¼ f 11 x1 þ f 1c
dc
¼ f 21 x1 þ f 22 x2 þ f 2c
..
.
¼ f n;n1 xn1 þ f nn xn þ f nc

ð54Þ
ð55Þ

¼ f nþ1;n xn þ f nþ1;c .

ð56Þ

for all joi; i ¼ imin ; . . . ; n þ 1.

ð58Þ

¼ f~nn xn þ f~nc

ð59Þ

¼ f nþ1;n xn þ f nþ1;c ,

ð60Þ

(51)

In the ﬁrst case it can be shown that xi p0 for
i ¼ 1; . . . ; imax , and analogously in the second that xi X0
for i ¼ imin ; . . . ; n. Moreover unless all f ic are equal, and
hence all xi are zero, the results are strict—i.e. xi o0 in the
ﬁrst case, and xi 40 in the second case. Outline proofs of
these statements are presented in Appendix C.
In the case of the ETC there is at least one situation
where the above result is relevant. If there are redox
reactions at one of the ends of the ETC which are not
involved with pumping protons, and hence which are not
inhibited by c, then the effect of changes in c on the redox
state of these pairs becomes predictable. As an example,
assume that proton gradient does not affect the initial
reduction of NAD (which is actually external to the ETC).
Then one can predict that an increased proton gradient will
lead to an increase in NADH. Intuitively, the proton
gradient inhibits reactions further down the chain leading
to the build-up of NADH. This is borne out by data is
Brandes and Bers (1999) where an increase in workload
(i.e. a decrease in c) causes a rapid decrease in NADH
levels. There, however, after the initial decrease, NADH
levels recover due probably to the activation of pyruvate
dehydrogenase and/or the TCA cycle, which are external to
the model. The prediction is also conﬁrmed by simulation
results for the Korzeniewski model presented in Fig. 2.

ð57Þ

2c

22

jf ic jpjf jc j

ð53Þ

In an abuse of notation f ij now refers to the value of f ij
evaluated at the steady state, and xi to the value of qai =qc
evaluated at the steady state. Solving for R0 ðcÞ involves
showing that one can write
R0 ðcÞ ¼ f 11 x1 þ f 1c
¼ f~ x2 þ f~

or

ð52Þ

..
.

where f~ii 40 and f~ic p0, and the conclusion will follow by
eliminating xn from the ﬁnal two equations.
The construction is as follows. x1 is eliminated from
f 11 x1 þ f 1c ¼ f 21 x1 þ f 22 x2 þ f 2c ¼ R0 ðcÞ,

(61)

to get
R0 ðcÞ ¼

f 21
ðf  f 1c þ f 22 x2 Þ þ f 22 x2 þ f 2c .
f 11  f 21 2c

(62)

Deﬁning
d1 ¼ 

f 21
,
f 11  f 21

(63)

it is immediate that 0od1 o1, so that
R0 ðcÞ ¼ f 22 ð1  d1 Þx2 þ f 2c ð1  d1 Þ þ d1 f 1c .

(64)

Deﬁne f~22 ¼ ð1  d1 Þf 22 and f~2c ¼ ð1  d1 Þf 2c þ d1 f 1c .
Clearly f~22 40. If f 1c ¼ 0 and f 2c ¼ 0 then f~2c ¼ 0 and
otherwise f~2c o0. The construction for f~33 ; f~3c etc. is
formally identical. If for some m, f mc o0, then f~nc o0 for
all nXm.
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Finally, Eqs. (59) and (60) imply that
xn ¼

f nþ1;c  f~nc
,
f~  f
nn

(65)

nþ1;n

so that
R0 ðcÞ ¼ f nþ1;n xn þ f nþ1;c
f nþ1;n
¼
ðf nþ1;c  f~nc Þ þ f nþ1;c .
f~  f
nn

ð66Þ

nþ1;n

Since
dn  

f nþ1;n
~
f nn  f nþ1;n

satisfies 0odn o1.

(67)

We have
R0 ðcÞ ¼ ð1  dn Þf nþ1;c þ dn1 f~nc .

(68)

In the special case that all of the f mc ¼ 0 for mon þ 1,
then f~nc ¼ 0, but in this case for a non-trivial system,
f nþ1;c o0. Thus either f nþ1;c o0 or f~nc o0, and the
above equation implies that R0 ðcÞo0. Thus as long as c
affects a single reaction, increasing c will always decrease
the ﬂux, whatever the effect on individual redox states in
the chain.
8. The full model: incorporating the production of w
This essentially concludes the analysis of the model
deﬁned by differential Eqs. (1)–(3), and conditions (9)–(20).
What remains is to say something about the more
complicated situation where c is itself created by the
reactions. Incorporation of the production of c into the
model introduces a negative feedback loop into the system.
Intuitively this ought not to have too dramatic an effect on
much of the behaviour described so far, but the question is
what can be said mathematically.
The generic version of such an augmented system looks
like:
a_1 ¼ f 1 ðz; a1 ; cÞ þ f 2 ða1 ; a2 ; cÞ,
a_i ¼ f i ðai1 ; ai ; cÞ þ f iþ1 ðai ; aiþ1 ; cÞ;

(69)
i ¼ 2; . . . ; n  1,
(70)

the form ZðcÞðp1 f 1 þ p2 f 2 þ    þ pnþ1 f nþ1 Þ. One can
think of each constant pi X0 as the stoichiometry describing how many protons are pumped into the mitochondrial
intermembrane space by reaction i. The function ZðcÞ
allows the possibility of ‘‘redox slip’’ (Brand et al., 1994),
i.e. a changing number of protons pumped by a given
reaction with changing c. Thus ZðcÞ is either a constant
or a positive but decreasing function of c. Although
redox slip does not appear to be very important in
normal circumstances (Brand et al., 1994; Canton et al.,
1995), its inclusion does not affect the analysis carried out
below, as the replacement of ZðcÞ by a constant makes no
difference to the signs of any of the quantities calculated
below.
On the other hand the decay L is assumed to be strictly
increasing in c and in u. The additional parameter u is
allowed to take arbitrarily large positive values and
controls the use of energy in the system. It could deﬁne
the phosphorylation potential—essentially the ratio
½ADP½Pi =½ATP or alternatively it could deﬁne any
quantity which increases the ﬂow of protons down their
gradient through the membrane—for example the concentration of an uncoupler (Scott and Nicholls, 1980; Joyce
et al., 2003). Lðu; 0Þ ¼ 0 for all u, but Lð0; cÞ40 for c40,
reﬂecting the fact that even when there is no energy use, c
decays due to passive leak effects.
8.1. Existence of a unique steady state
It is already known from the analysis of the situation
without feedback that for any ﬁxed values of z, w and c the
equations for the dynamics of ai have a solution, and that
treating this solution as a function of c gives f 1 ðz; a1 ðcÞ;
cÞ ¼ f 2 ða1 ðcÞ; a2 ðcÞ; cÞ ¼    ¼ f nþ1 ðan ðcÞ; w; cÞ  RðcÞ.
Moreover, RðcÞ is a strictly decreasing function of c which
approaches 0 as c ! 1. It is helpful
now and for
P
arguments later to deﬁne Q  nþ1
noni¼1 pi . For
trivial feedback there is at least one pi a0, and so Q40.
From now on this is assumed, as the case with all pi ¼ 0 is
simply the case without feedback which has already been
analysed.
For ﬁxed u ¼ u, a steady state in the full model now
exists as long as there is a c which satisﬁes:

a_n ¼ f n ðan1 ; an ; cÞ þ f nþ1 ðan ; w; cÞ,

(71)

~
PðcÞ
 ZðcÞRðcÞQ ¼ Lðu; cÞ.

_ ¼ Pðc; f ; f ; . . . ; f Þ  Lðu; cÞ.
c
1 2
n

(72)

Looking ﬁrst at the left hand side of this equation, the fact
that RðcÞ is strictly decreasing and ZðcÞ is decreasing or
constant gives


dP~
dZ
dR
¼
RðcÞ þ
ZðcÞ Qo0.
(74)
dc
dc
dc

The ﬁnal equation tells us that c may be produced by a
given reaction and decays/is used up at a rate dependent on
its value. P is the rate of production of c and depends on
the various reaction rates. L is the rate of ‘‘decay’’ of c,
either as leak or via the production of ATP. u is a
parameter reﬂecting any effect which can cause an increase
in the rate of decay of c, and is discussed below. Of course
one expects Pðc; 0; 0; . . . ; 0Þ ¼ 0, since if all the reactions
are halted, then c is not being produced. Elementary
assumptions would suggest that Pðc; f 1 ; f 2 ; . . . ; f nþ1 Þ takes

(73)

~
Eq. (73) also gives that Pð0Þa0
(since Rð0Þa0), and
~
limc!1 PðcÞ
¼ 0 (since limc!1 RðcÞ ¼ 0—see Section 7.2).
On the right hand side of Eq. (73), Lðu; cÞ is strictly
increasing in c, with Lðu; 0Þ ¼ 0. These facts combine to
provide a familiar situation where the IVT can be used.
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In sum:
L (u, ψ)

(1) As u increases, c decreases, but one cannot in general
predict the effect on the redox states of ETC
intermediates.
(2) In the special situation where some initial/ﬁnal set of
the f ic are ordered with respect to the rest, the effect of
u on these terminal redox reactions can be predicted.
(3) Increased u, by decreasing c, will always increase the
ﬂux through the ETC.

P (ψ)

0

ψ

~
Fig. 6. There is always a unique solution to the equation PðcÞ
¼ Lðu; cÞ
for any ﬁxed u.

Although the interval is no longer bounded, the fact that
~
limc!1 PðcÞ
¼ 0 means that for some large enough c,
~
~
PðcÞ  Lðu; cÞo0—see Fig. 6. Because PðcÞ
 Lðu; cÞ is
monotonic the steady state deﬁned by this equation is
unique. Thus in the model with feedback the unique steady
state survives.
8.2. Variation of the steady state with u

from which

dc

dc

8.3. Variation of the steady state with z and w
The next task is to ask whether the conclusions reached
about the effect of changes in z and w continue to hold in
the full model. As before, the vector form of the ODE
system is most convenient:
a_ ¼ Fða; z; w; uÞ,

Of interest in this section is how the position of the
steady state varies with changes in the value of the usage
parameter u. At any value of u there is a value cðuÞ which
~
solves PðcðuÞÞ
¼ Lðu; cðuÞÞ. Differentiating this equation
with respect to u gives


dc dZ
dR
qL qL dc
RðcÞ þ
ZðcÞ Q ¼
þ
,
(75)
du dc
dc
qu qc du
qL
dc
qu

¼
.
dZ
du
RðcÞ þ dR ZðcÞ Q  qL

The parameter u is thus a reasonable representation of the
effect, say, of increased ADP/ATP ratio during functional
activation. Of course, the generic model does not account
for other effects which a changed level of ADP might have
external to the chain such as the activation of glycolysis or
the TCA cycle.

(76)

qc

The top of this fraction is positive and the bottom is
negative, so c decreases as u increases, as one might
expect. Thus the rate RðcðuÞÞ increases with u since
dR=du ¼ ðdR=dcÞðdc=duÞ and both terms in the
product are negative. Depending on the experimental
situation to be modelled qL=qu might describe the
sensitivity of Complex V to changes in the phosphorylation
potential, or alternatively how the leak current
changes with the addition of uncouplers. qL=qc
contains information about how the leak current and the
activity of Complex V change with changes in the proton
gradient.
Analysis of the model without feedback (Section 7.1) has
already deﬁned what can and cannot be said about how
steady state values of the ai change with c. All of this
analysis carries over immediately. Thus in general although
changes in u cause predictable changes in c, they cause
unpredictable changes in the values of ai .

(77)
T

where a ¼ ða1 ; a2 ; . . . ; an ; cÞ , and F ¼ ðf 1 þ f 2 ; . . . ;
f n þ f nþ1 ; Pðc; f 1 ; f 2 ; . . . ; f nþ1 Þ  Lðu; cÞÞT .
Differentiating 0 ¼ Fða; z; w; uÞ with respect to z at the
solution gives the linear system
da qF
þ .
(78)
dz qz
As before gi ¼ ðJF ðda=dzÞÞi , xi  dai =dz, with the added
quantity xc  dc=dz. Now
0 ¼ JF

qF=qz ¼ ðf 1z ; 0; . . . ; 0; p1 ZðcÞf 1z ÞT .
It can now be shown that just as for the system without
feedback the steady state ﬂux increases with z and the
steady state values of each ai decrease with z. Further, the
steady state value of c increases with z.
Fixing w and u, at steady state f 1 ðz; a1 ðzÞ; cðzÞÞ ¼    ¼
f nþ1 ðan ðzÞ; w; cðzÞÞ ¼ RðzÞ
and
QZðcðzÞÞRðzÞ  LðcðzÞ; uÞ ¼ 0. Differentiating this equation with respect to z gives


dR
dZ
qL
þ RðzÞ
xc 
xc ¼ 0,
Q ZðcðzÞÞ
(79)
dz
dc
qc
i.e.
QZðcðzÞÞ



dR
dZ qL
þ QRðzÞ

xc ¼ 0.
dz
dc qc

(80)

Examining the signs of the known quantities in this
equation gives that xc must have the same sign as dR=dz,
and must be non-zero since Qa0.
Next it can be shown that xn must have the opposite
sign to xc . This is done by differentiating the relation
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RðzÞ ¼ f nþ1 ðan ðzÞ; w; cðzÞÞ to get

It is reassuring to note that the introduction of dynamics
for c does not invalidate these basic results.

dR
¼ f nþ1;n xn þ f nþ1;c xc .
dz

(81)

Since f nþ1;n and f nþ1;c are negative and dR=dz has the same
sign as xc , this implies that xn must have the opposite sign
to xc . Since none of the other quantities are zero xn a0.
The proof proceeds by assuming that xn 40 and showing
that this implies a contradiction. Differentiating R ¼
f n ðan1 ; an ; cÞ gives
dR
¼ f n;n1 xn1 þ f nn xn þ f n;c xc .
dz

(82)

The last two terms on the right hand side are both positive,
implying that xn1 40. Inductively, differentiating the
2

f 11 þ f 21

f 22

8.4. Stability of the steady state in the system with feedback
The astute reader will have noticed that there has been
an omission in the analysis of the system with feedback.
While, in the system without feedback it was shown that
the unique steady state must be globally stable, no such
argument is made for the unique steady state in the
augmented system. In fact without additional assumptions
it cannot be shown that the steady state must always be
locally stable.
The Jacobian, JF is now:


6
f 21
f 22 þ f 32

6
6
6
..
..
..
6
.
.
.
6
6
6
0
0

6
6
6
6
6
6
6 ZðcÞðp1 f 11 þ p2 f 21 Þ ZðcÞðp2 f 22 þ p3 f 32 Þ   
6
4

equations R ¼ f i ðai1 ; ai ; cÞ for i ¼ n down to 2, gives that
all the xi must be positive. But R ¼ f 1 ðz; a1 ; cÞ gives:
dR
¼ f 1z þ f 11 x1 þ f 1c xc .
(83)
dz
From above xn 40 implies that xc o0 and dR=dzo0. So
each expression on the right-hand side is positive, while the
left hand side is negative. This contradiction means that in
fact xn o0, while xc 40 (and hence dR=dz40). An
identical inductive argument now gives that xi o0 for
i ¼ 1; . . . ; n  1. Thus the analysis from the basic model
holds true:
(1) Increasing the push z decreases the oxidation level of
each element of the chain.
(2) Increasing the push z increases the ﬂux through the
system.
(3) Increasing the push z increases proton gradient.
Because of the symmetry between the effects of z and w,
one can immediately add that:
(1) Increasing the oxygenation w increases the oxidation
level of each element of the chain.
(2) Increasing the oxygenation w increases the ﬂux through
the system.
(3) Increasing the oxygenation w increases the proton
gradient.

0
0
..
.
f nn þ f nþ1;n

ZðcÞðpn f nn þ pnþ1 f nþ1;n Þ

f 1c þ f 2c

3

7
7
7
7
7
7
7
7
f nc þ f nþ1;c
7.
7
nP
þ1
7
Lc þ ZðcÞ ðpi f ic Þ 7
7
i¼1
7
7
nP
þ1
7
5
þZ c ðpi f i Þ
f 2c þ f 3c
..
.

i¼1

Here Lc  qL=qc and Z c  qZ=qc. The Jacobian is the
original tridiagonal Jacobian augmented with a ﬁnal row
and column. In the case where all the pi are small, this must
have eigenvalues with negative real parts, since eigenvalues
depend continuously on the entries in the matrix (which for
all pi ¼ 0 are known to be negative). It is also possible to
show that the above matrix can have no real positive or zero
eigenvalues. However, this does not rule out the possibility
of imaginary eigenvalues—in other words of the system
undergoing a Hopf bifurcation.
In the special case where the system is two dimensional,
i.e. there is only a single redox pair, it is possible to prove
that the above Jacobian must have eigenvalues with
negative real parts, and indeed that the unique steady
state is globally stable. Unfortunately, this analysis does
not carry over simply to higher dimensions.
Rather than focussing on the Jacobian, another possible
angle of attack is to use results on monotone
control systems (Angeli and Sontag, 2003) to study the
behaviour of this system. In order to do so, one would need
to treat the original system without feedback (Eqs.
P(1)–(3))
nþ1
as a system with ‘‘input’’ c and ‘‘output’’
i¼1 pi f i .
However, an immediate problem arises: although
the system is cooperative at ﬁxed values of the parameters, it is monotone neither in its inputs nor in its
outputs. No reco-ordinatisations have yet been found
which will make the system monotone in its inputs and
outputs.
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9. Discussion and conclusions
In this paper a generic model of electron transport and
oxidative phosphorylation has been explored. To discover
patterns in the behaviour of numerical models such as
those in Korzeniewski and Zoladz (2001) and Magnus and
Keizer (1997) generally requires numerous simulations.
The aim has been not to provide an alternative to these
models, but rather to discover what patterns if any we
might expect a priori arising solely from certain structures
in such models.
The main conclusion is that much of the classical
behaviour of the ETC arises directly out of the basic
structure of the interactions in the chain. It is possible to
predict qualitative changes in ﬂux rates and redox states in
response to key inputs such as changes in supply, demand
and oxygenation. In particular it has been shown that ﬂux
increases in response to increased supply, demand or
oxygenation, and that chain intermediates generically
become more reduced in response both to increased supply
and to hypoxia. These results can be interpreted as the
signs of entries in a sensitivity matrix as shown in Fig. 7.
We have also seen interesting limiting behaviour in
response to large supply or oxygenation. Rate saturation
arises from the structure of the reaction scheme, rather
than the detailed dynamics or assumptions about the
enzymatic nature of any of the reactions. Moreover in the
limit of large supply or oxygenation, ETC intermediates do
not become completely reduced or oxidised, with the
possible exception of an initial or ﬁnal element in the chain.
The fact that one can reach conclusions about saturation
shows that at least sometimes it is possible to reach semiquantitative conclusions from a qualitative model.
One further result is that demand, acting via changes in
c, is a more complicated stimulus than supply or
oxygenation. Increases in demand generically increase ﬂux,
but may give rise to unpredictable changes in redox states
of the intermediates in the chain. In order to predict the
precise changes further information is needed on the
relative reaction rates of the different redox reactions,
and the comparative extent to which they are inﬂuenced by
the proton gradient.

flux

redox state

substrate supply

+

-

oxygen supply

+

+

energy demand

+

±

Fig. 7. Sensitivity matrix showing the response of steady state ﬂux
through the ETC and redox states of model intermediates to increases in
substrate supply, oxygen supply and energy demand.

13

Understanding the scope of the model is crucial to being
able to interpret results presented in this paper. All
processes external to the ETC and oxidative phosphorylation system are external to the model. Thus for example,
the quantity u cannot be seen as a generalised measure of
increase in demand in vivo. Increased workload, for
example in muscle tissue during exercise, generally gives
rise to diffuse changes, such as increased calcium
concentration, which are able to activate a number of
enzymes external to the ETC. To understand the true
effects of an increase in demand on electron transport in
vivo, one would need to allow for the possibility that at
least two parameters—u and z in the full model—change
simultaneously, with possibly ambiguous effects on redox
states.
Bearing this in mind, it is possible to infer other
negative results from the arguments in this paper. Consider
a situation of ischaemia—i.e. a decrease in blood ﬂow.
This would cause a decrease in supply and in oxygenation.
Both of these would cause a decrease in ﬂux, but
would have opposite effects on the oxidation states
of ETC intermediates. Thus the qualitative effect of
ischaemia on redox states in the ETC is not predictable
from the generic model and would require a more detailed
model.
Finally, it has been shown that many of the same
conclusions hold both for a simple model in which the
proton gradient features as a controllable parameter and in
the more complex case where proton gradient is a variable
itself created by the various reactions of the chain and
tending to decay. Most importantly, there is a unique
steady state in both cases. However, the full conditions
which will ensure that the unique steady state must be
stable in the model with feedback have not been deﬁned.
This is a task for future work. There are numerous other
potential extensions of this work, including:
(1) Exploring the effects of activators and inhibitors of
ETC proteins with a view to ﬁnding out whether their
effects on redox states have ﬁxed sign: this would
complete the qualitative sensitivity analysis of the
generic model.
(2) Adding auxiliary processes such as some of the feedback processes which occur outside the ETC to ﬁnd out
if they can introduce instabilities into the system.
(3) Constructing and analysing a similar generic model of
the TCA cycle.
The ﬁnal two extensions would involve analysing models
with a more complex structure including branches and
loops. The results in Section 8 on the model with feedback
show that although it may not be possible to prove the
existence of a globally stable steady state in such models, if
such a steady state is assumed to exist then it may still be
possible to carry out a sensitivity analysis and arrive at
deﬁnite conclusions.
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boundary of the phase space. A point on the boundary
must satisfy at least one of the 2n equations:
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Appendix A. Calculating eigenvalues of the Jacobian in the
simple model
In this appendix it is shown that the eigenvalues of JF for
the system without feedback have negative real parts—
everywhere, not just at the ﬁxed point. First note that JF is
a tridiagonal sign-symmetric matrix and hence has real
eigenvalues (Parter and Youngs, 1962). There are a number
of equivalent ways of showing that all the eigenvalues must
in fact be negative. One simple method is to show directly
that the determinant of JF  lI cannot be zero for any real
non-negative l.
This is done by triangularising the matrix JF  lI. Let
RðiÞ refer to the ith row of JF  lI and deﬁne
f 21
d1 ¼
,
l  f 21 þ f 11

(A.1)

f iþ1;i
;
di ¼
f iþ1;i þ ð1  di1 Þf ii þ l

i ¼ 2; . . . ; n  1.

(A.2)

For lX0, d1 satisﬁes 0od1 o1, and it follows inductively
that 0odi o1 for all i.
JF  lI can be converted to upper triangular form by
sequentially performing the elementary row operations:
RðiÞ ! RðiÞ þ di1 Rði  1Þ;

i ¼ 2; . . . ; n.

(A.3)

This triangularisation gives the matrix
2
6
6
6
6
6
4

f 11 þ f 21  l
0
..
.
0

f 22

ai ¼ 0;

i ¼ 1; . . . ; n,

ai ¼ ai;max ;

In this appendix the proof of results stated in Section 7.1
is sketched. The ﬁrst case where
jf ic jpjf jc j for all j4i; i ¼ 1; . . . ; imax

(C.1)

is treated, omitting several details since the arguments are
similar to those in Section 5.2. In outline:
(1) x1 p0 (because x1 40 ) xn 40 ) x1 o0—a contradiction)
(2) xi p0 ) xiþ1 p0 for i ¼ 1; . . . ; imax  1.

ð1 þ d1 Þf 22 þ f 32  l   
..
..
.
.
0


0
..
.

3

ð1 þ dn1 Þf nn þ f nþ1;n  l

In this appendix it is shown that no complete trajectory
of system (1)–(3) with non-zero z and w can lie on the

(B.2)

Appendix C. Special cases where changes in demand have a
predictable effect on redox states

0

Appendix B. Behaviour on the boundary of the phase space

i ¼ 1; . . . ; n.

Treating the surface deﬁned by the ﬁrst n equations ﬁrst,
note that for wa0, a_ n 40 on an ¼ 0. Thus any trajectory
starting on the surface an ¼ 0 immediately leaves it. One
can check that if ak a0, then a_ k1 40 on ak1 ¼ 0 for all
k ¼ 2; . . . ; n.
Similarly for the surface deﬁned by the ﬁnal n equations,
note that for za0; a_ 1 o0 on a1 ¼ a1;max . Thus any
trajectory starting on the surface a1 ¼ a1;max immediately
leaves it. One can check that if ak aak;max , then a_ kþ1 o0 on
akþ1 ¼ akþ1;max for all k ¼ 1; . . . ; n  1.
Thus for non-zero w and z any trajectory starting on the
boundary of phase space immediately leaves it and enters
the interior of the phase space.



The determinant of this matrix is simply the product of the
diagonal elements. It is immediate that for lX0 all of the
diagonal elements are strictly negative. Thus the determinant is non-zero. Since elementary row operations preserve
the determinant, this proves that the determinant of JF 
lI cannot be zero for real non-negative l, and hence that all
eigenvalues of JF are strictly negative.
The above argument of course also implies that jJF ja0
and hence that JF is invertible.

(B.1)

7
7
7
7.
7
5

First, x1 40 implies a contradiction. Assume x1 40.
Adding all the components in Eq. (49) together gives:
n
X
gi ¼ f 11 x1 þ f nþ1;n xn ¼ f 1c  f nþ1;c X0.
(C.2)
i¼1

Since f 11 40 and f nþ1;n o0, this implies that at least one of
x1 or xn is less than or equal to 0. Since x1 40, then xn o0.
The argument can be continued by noting that
k1
X

gi ¼ f 11 x1 þ f k;k1 xk1 þ f k;k xk ¼ f 1c  f kc X0.

i¼1

(C.3)
If x1 40 and xk o0, then xk1 o0. Continuing, this leads to
the conclusion that x1 o0 which contradicts the premise
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that x1 40. Thus x1 p0. In fact, in the above argument if
there is just one jf jc j greater than jf 1c j, then this rules out
the possibility that x1 ¼ 0 and the result becomes strict,
that is x1 o0.
If 2pimax , an identical procedure is carried out, except
now summing from the second equation onwards
n
X

gi ¼  f 21 x1 þ f 32 x2 þ f nþ1;n xn

i¼2

¼ f 2c  f nþ1;c X0.

ðC:4Þ

It has already been shown that x1 p0 with x1 ¼ 0 if and
only if all the xi are zero and all the f ic are equal. Ignoring
this possibility it is assumed that x1 o0. Then the above
inequality becomes
f 32 x2 þ f nþ1;n xn 40.

(C.5)

Clearly either x2 o0 or xn o0. Now a very similar chain of
argument to that above leads to the conclusion that x2 o0
barring the trivial possibility that all f ic are equal and all xi
are zero. The argument continues in this way showing that
in the non-trivial case, xi o0 for all ipimax .
The second case is nearly identical. The only difference is
that now the indices to be summed over are reversed. The
conclusion in this case is that xi X0 for all iXimin , with the
inequality being strict unless all the f ic are equal and hence
all the xi are zero.
References
Angeli, D., Sontag, E., 2003. Monotone control systems. IEEE Trans.
Automat. Control 48, 1684–1698.
Banaji, M., Tachtsidis, I., Delpy, D., Baigent, S., 2005. A physiological model of cerebral blood ﬂow control. Math. Biosci. 194 (2),
125–173.
Beard, D.A., 2005. A biophysical model of the mitochondrial respiratory system and oxidative phosphorylation. PLoS Comput. Biol.
1 (4), e36.
Belevich, I., Verkhovsky, M., Wikström, M., 2006. Proton-coupled
electron transfer drives the proton pump of cytochrome c oxidase.
Nature 440 (6), 829–832.
Bhagavan, N., 2002. Medical Biochemistry. Harcourt/Academic Press,
New York.
Boschmann, M., Halangk, W., Bohnensack, R., 1996. Interrelation
between mitochondrial respiration, substrate supply and redox ratio
in perifused permeabilized rat hepatocytes. Biochim. Biophys. Acta
1273 (3), 223–230.
Brand, M.D., Chien, L., Diolez, P., 1994. Experimental discrimination
between proton leak and redox slip during mitochondrial electron
transport. Biochem. J. 297 (1), 27–29.
Brandes, R., Bers, D.M., 1999. Analysis of the mechanisms of
mitochondrial NADH regulation in cardiac trabeculae. Biophys.
J. 77 (3), 1666–1682.
Brown, G., 1992. Control of respiration and ATP synthesis in mammalian
mitochondria and cells. Biochem. J. 281 (1), 1–13.
Brown, G., Brand, M., 1985. Thermodynamic control of electron ﬂux
through mitochondrial cytochrome bc1 complex. Biochem. J. 225,
399–405.
Canton, M., Luvisetto, S., Schmehl, I., Azzone, G., 1995. The nature of
mitochondrial respiration and discrimination between membrane and
pump properties. Biochem. J. 310, 477–481.

15

Cooper, C.E., Springett, R.A., 1997. Measurement of cytochrome oxidase
and mitochondrial energetics by near-infrared spectroscopy. Philos.
Trans. R. Soc. London Ser. B Biol. Sci. 352 (1354), 669–676.
Cortassa, S., Aon, M.A., Marbán, E., Winslow, R.L., O’Rourke, B., 2003.
An integrated model of cardiac mitochondrial energy metabolism and
calcium dynamics. Biophys. J. 84, 2734–2755.
Davey, G.P., Peuchen, S., Clark, J.B., 1998. Energy thresholds in brain
mitochondria. Potential involvement in neurodegeneration. J. Biol.
Chem. 273 (21), 12753–12757.
Farmery, A.D., Whiteley, J.P., 2001. A mathematical model of electron
transfer within the mitochondrial respiratory cytochromes. J. Theor.
Biol. 213, 197–207.
Fiedler, B., Gedeon, T., 1999. A Lyapunov function for tridiagonal
competitive–cooperative systems. SIAM J. Math. Anal. 30 (3),
469–478.
Garrett, R.H. Grisham, C.M. (Eds.), 1995. Biochemistry. Saunders
College Publishing, London.
Hirsch, M., Smith, H., 2005. Monotone dynamical systems. In: Canada,
A., Drabek, P., Fonda, A. (Eds.), Handbook of Differential
Equations: Ordinary Differential Equations, vol. 2. Elsevier, Amsterdam.
Ihekwaba, A., Broomhead, D., Grimley, R., Benson, N., Kell, D., 2004.
Sensitivity analysis of parameters controlling oscillatory signalling in
the NF  kB pathway: the roles of IKK and IkBa. Systems Biol. 1,
93–103.
Joyce, O.J.P., Farmer, M.K., Tipton, K.F., Porter, R.K., 2003. Oxidative
phosphorylation by in situ synaptosomal mitochondria from whole
brain of young and old rats. J. Neurochem. 86 (4), 1032–1041.
Kacser, H., Burns, J., 1973. The control of ﬂux. Symp. Soc. Exp. Biol. 27,
65–104.
Korzeniewski, B., 1996. Simulation of oxidative phosphorylation in
hepatocytes. Biophys. Chem. 58, 215–224.
Korzeniewski, B., 2001. Theoretical studies on the regulation of oxidative
phosphorylation in intact tissues. Biochim. Biophys. Acta—Bioenergetics 1504 (1), 31–45.
Korzeniewski, B., Dynamic model of oxidative phosphorylation in intact
skeletal muscle. Available online at hhttp://awe.mol.uj.edu.pl/
benioi.
Korzeniewski, B., Zoladz, J.A., 2001. A model of oxidative phosphorylation in mammalian skeletal muscle. Biophys. Chem. 92,
17–34.
Magnus, G., Keizer, J., 1997. Minimal model of b-cell mitochondrial Ca2þ
handling. Am. J. Physiol Cell Physiol. 273 (2), C717–C733.
McGown, A., Makker, H., Elwell, C., Al Rawi, P., Valipour, A., Spiro, S.,
2003. Measurement of changes in cytochrome oxidase redox state
during obstructive sleep apnea using near-infrared spectroscopy. Sleep
26 (6), 710–716.
Parter, S.V., Youngs, J.W.T., 1962. The symmetrization of matrices by
diagonal matrices. J. Math. Anal. Appl. 4 (1), 102–110.
Rigoulet, M., Leverve, X., Fontaine, E., Ouhabi, R., Guérin, B., 1998.
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